In the Lagrangian framework for symmetries and conservation laws of field theories, we investigate globality properties of conserved currents associated with non-global Lagrangians admitting global Euler-Lagrange morphisms. Our approach is based on the recent geometric formulation of the calculus of variations on finite order jets of fibered manifolds in terms of variational sequences.
Introduction
In the Lagrangian framework for symmetries and conservation laws of field theories, we investigate globality properties of conserved currents associated with non-global Lagrangians which admit global Euler-Lagrange morphisms. Our approach is based on the geometric formulation of the calculus of variations on finite order jets of fibered manifolds in terms of variational sequences [15] . It was shown in [12] that the Lie derivative operator with respect to fiber-preserving vector fields passes to the quotient, thus yielding a new operator on the sheaves of the variational sequence, which was called the variational Lie derivative. Making use of a representation given in [20] for the quotient sheaves of the variational sequence as concrete sheaves of forms, some abstract versions of Noether's theorems have been provided, which can be interpreted in terms of conserved currents for Lagrangians and Euler-Lagrange morphisms.
Non-global Lagrangians are here defined asČech cochains valued into the sheaf of generalized Lagrangians. Furthermore, we provide a notion of topological non-triviality, relating globality properties to the topology of the relevant manifold in terms of theČech cohomology of the manifold with values in the sheaves of the variational sequence (see also [4] ). To this aim we provide a slightly modified version of some well known results due to [2] (Theorems 3.1 and 3.2). We shall in particular investigate the case ofČech cochains of Lagrangians admitting global Euler-Lagrange morphisms but having non-trivial cohomology class. In this case globality properties still hold true for the conserved quantities associated with the cochain of Lagrangians itself.
In Section 2 we state the main notation and recall some basic facts about sheaves of forms on finite order jets of fibered manifolds, together with some standard results abouť Cech cohomology. In Subsection 2.3 we recall general results concerning symmetries in variational sequences. Section 3 is concerned with the main results of the paper. We prove the existence of global conserved quantities associated with Lagrangian symmetries and generalized Lagrangian symmetries ofČech cochains of Lagrangians.
Preliminaries and notation

Sheaves of forms on jets of fibered manifolds
Let us consider a fibered manifold π : Y → X, with dim X = n and dim Y = n + m. For r ≥ 0 we are concerned with the r-jet space J r Y ; in particular, we set J 0 Y ≡ Y . We recall the natural fiberings π Greek indices λ, µ, . . . run from 1 to n and they label base coordinates, while Latin indices i, j, . . . run from 1 to m and label fibre coordinates, unless otherwise specified. We denote multi-indices of dimension n by boldface Greek letters such as α = (α 1 , . . . , α n ), with 0 ≤ α µ , µ = 1, . . . , n; by an abuse of notation, we denote with λ the multi-index such that α µ = 0, if µ = λ, α µ = 1, if µ = λ. We also set |α| := α 1 + · · · + α n . The charts induced on J r Y are denoted by (x λ , y 
with coordinate expressions, for 0 ≤ |α| ≤ r − 1, given by
The above splitting induces also a decomposition of the exterior differential on Y in the horizontal and vertical differential , (π r+1 r
A projectable vector field on Y is defined to be a pair (Ξ, ξ), where Ξ : Y → T Y is a fibered morphism over ξ : X → T X. By (j r Ξ, ξ) we denote the jet prolongation of (Ξ, ξ), and by j r Ξ H and j r Ξ V , respectively, the horizontal and the vertical part of j r Ξ with respect to the splitting (3). 
According to [20] , the fibered splitting (3) naturally yields the sheaf splitting
for 0 < p ≤ n and h is defined to be the restriction to p Λ r of the projection of the above splitting onto the non-trivial summand with the highest value of t.
. Then there is a unique pair of sheaf morphisms
such that (π 2r+1 r+1 ) * α = E α − F α , and F α is locally of the form
H 2r (see e.g. [20] ).
Recall (see [20] 
, whereβ := j s Ξ β, denotes the inner product and C 1 1 stands for tensor contraction. Then there is a unique pair of sheaf morphisms
such that π
A(H β ), where A stands for antisymmetrisation.
Moreover, G β is locally of the type
. Coordinate expressions of the morphisms E α and H β can be found in [20] . The morphismH is called the Helmhotz-Sonin morphism associated with an Euler-Lagrange type morphism. It is a global morphism the kernel of which expresses the Helmholtz conditions for a given Euler-Lagrange type morphism to be locally variational, i.e. η = E d V λ [20] .
2.2Čech cohomology
Suppose H is a (paracompact Hausdorff) topological space. In the following we shall call graded sheaf over H any countable family of sheaves F * :={F i } i∈Z over H. A resolution of a given sheaf S is an exact sequence of sheaves of the form 0
H is the sheaf naturally induced by the sheaf of discontinuous sections of S [8] . The Abelian group H q (H, S) is called the cohomology group of H of degree q with coefficients in the sheaf S.
We say H * (H, S) := ⊕ i∈Z H i (H, S) to be the cohomology of H with values in S. It is clear that H 0 (H, S) = S H . We say S to be acyclic if H q (H, S) = 0 for all q ∈ Z, q > 0. We remark that a resolution 0 → S → F * naturally induces a cochain complex 0 → S H → F * H via the global section functor. Hence, we can define the derived groups
* be a resolution of S. Then for each q ∈ Z there is a natural morphism
. If the sheaves of F * are acyclic then the above morphism is an isomorphism (Abstract de Rham Theorem) [8] .
We also recall that a cochain complex is a sequence of morphisms of Abelian groups of the
Suppose now that S is a sheaf of Abelian groups over H. Let U :={U i } i∈I , with I ⊂ Z, be a countable open covering of H. We set C q (U, S) to be the set of q-cochains with coefficients in S. Let σ = (U i 0 , . . . , U i q+1 ) ⊂ U be a q-simplex and f ∈ C q (U, S). The coboundary operator d :
, r is the restriction mapping of S and |σ j | denotes the lenght of σ j (see [7] ). For all q ∈ Z the set C q (U, S) can be endowed with an Abelian group structure in a natural way. It is rather easy to verify that d is a group morphism, such that d 2 = 0. Hence we have the cochain complex
Definition 2.1 We say the derived groups H * (U, S) of the above cochain complex to be theČech cohomology of the covering U with coefficients in S.
The above cohomology is a combinatorial object and it depends on the choice of a covering U. Let U :={U i } i∈I , V :={V j } j∈J , with I, J ⊂ Z, be two countable coverings of H. Then we say that V is a refinement of U if there exists a map f : J → I such that V j ⊂ U f (j) . Then there is a group morphism H * (U, S) → H * (V, S), so that we can define theČech cohomology of H with coefficients in S to be the direct limit
Cohomology of the variational sequence
We recall now the theory of variational sequences on finite order jet spaces, as it was developed by Krupka [15] . By an abuse of notation, we denote by d ker h the sheaf generated by
Definition 2.2 The quotient sequence
is called the r-th order variational sequence associated with the fibered manifold Y → X. It turns out that it is an exact resolution of the constant sheaf IR Y over Y [15] .
Let us now consider the cochain complex
and denote by H k VS (Y ) its k-th cohomology group. The variational sequence is a soft resolution of the constant sheaf IR Y over Y , hence the cohomology of the sheaf IR is naturally isomorphic to the cohomology of the cochain complex above. Also, the de Rham sequence gives rise to a cochain complex of global sections, the cohomology of which is naturally isomorphic to the cohomology of the sheaf IR Y on Y , as an application of the Abstract de Rham Theorem. Then, by a composition of isomorphisms, for all k ≥ 0 we get a natural isomorphism
The quotient sheaves in the variational sequence can be conveniently represented [20] . The sheaf morphism h yields the natural isomorphisms
Let s ≤ r. Then we have the injective sheaf morphism (see [15] The following results hold true (see e.g. [2] , and [3] Chap. II). 
gives rise to the exact sequence 
gives rise to the exact sequence
Furthermore we have ([2], Lemma 4.1, Theorem 4.2, [15]
, [20] ) for s ≤ r: 
Analogously, let λ ∈ ( n V r ) Y be a global section such that E n (λ) = 0, i.e. λ is variationally trivial. Suppose, moreover, that H n dR Y ∋ δ ′ λ = 0. Then, there exists a global section
g. [15, 20] ).
If the topology of Y is trivial, so that, in particular, H 
If the topology of Y is non-trivial, i.e. H n+1 V S (Y ) ≃ H
1 (Y , K r ) = 0, then the inverse problem for a given global Euler-Lagrange morphism η can be solved only locally, so that in general we can write η = E n (λ) only locally (provided, of course, that the corresponding cohomology class of η is non-trivial). More precisely this means that around each point a Lagrangian λ U is defined only on an open subset U ⊂ Y , so that η| U = E n (λ U ). We are then naturally faced with the following situation which is in fact often encountered in physical applications: there exists a countable open covering {U i } i∈Z in Y together with a family of local Lagrangians λ i over each subset U i ⊂ Y (which, a priori, do not glue together into a global Lagrangian λ). Let then U :={U i } i∈I , with I ⊂ Z, be any countable open covering of Y and λ = {λ i } i∈I a 0-cochain of Lagrangians inČech cohomology with values in the sheaf
By an abuse of notation we shall denote by η λ the 0-cochain formed by the restrictions η i = E n (λ i ).
We stress that dλ = 0 if and only if λ is
V r ), then dη = 0 if and only if η is global.
V r ) be as above. Then dλ = 0 implies dη λ = 0, but the converse is not true, in general. This is due to the IRlinearity of all the operations involved in the variational sequence. Therefore dη λ = η dλ = 0 implies only dλ ∈ C 1 (U, K r ).
We shall in fact be concerned with the case
Definition 3.6 We shall call aČech cochain λ of Lagrangians satisfying condition (7) a non-global Lagrangian. Definition 3.7 A non-global Lagrangian is said to be topologically non-trivial if the cohomology class of η λ in the firstČech cohomology group is non-trivial, i.e. δη λ = 0.
It is clear that a non-global Lagrangian is defined modulo a refinement of U. In particular, U can be chosen to be a good covering of Y (on a differentiable manifold there exists always a good covering, see e.g. [7] ), on which the cohomology is trivial. Then Remark 3.3 can be reformulated as follows. 
moreover, this cohomology class is trivial, then there exists a
0-cochain γ ∈ C 0 (U, n−2 V r ) such that d H dγ = dβ with β ′ = β − d H γ a global morphism and λ = d H β ′ . (B) Let λ ∈ C 0 (U, n V r ) be a non-global Lagrangian. Then dλ defines a unique cohomology class [dλ]Č := δη λ ∈ H 1 (Y , K r ) ≃ H n+1 dR Y . If,
moreover, this cohomology class is trivial then there exists a
Proof. It follows from the application of the Poincaré Lemma, the standardČech cohomology arguments [8] and the Abstract de Rham Theorem (see also [2] ; in [16] was shown that, even more, β ∈ C 0 (U, n−1 V r−1 )).
QED
Example 3.9 (Einstein theory) From the above Proposition it follows that a topologically trivial non-global Lagrangian is always equivalent to a global one. This is e.g. the case of the Hilbert-Einstein Lagrangian, which is a second order global Lagrangian in the bundle Y = Lor(X) of Lorentzian metrics over X. The Hilbert-Einstein Lagrangian is equivalent to a sheaf of non-global first order Einstein's Lagrangians. In this case, the cohomology class corresponding to the Euler-Lagrange morphism is trivial and this fact does not depend on the topology of the space-time manifold (see also [11] ). Example 3.10 (Chern-Simons theory) Let P = P (X, G) be a principal bundle over an odd dimensional manifold X with a structure group G (e.g. any simple Lie group). To any connection one-form ω we can associate the Chern-Simons form [9] from which by pullback along any (local) section one gets a (local) Lagrangian on X. Since the Chern-Simons form is not tensorial the local Lagrangians are not gauge-invariant. In spite of this fact, the corresponding Euler-Lagrange equations (i.e. the vanishing curvature equations for ω) are invariant and global. Moreover, in this case, an invariant Lagrangian does not exist at all. The existence of global Lagrangians relies on the choice of a global section on P (see e.g. [5, 6] and references quoted therein).
Symmetries and conservation laws
Making use of the sheaf isomorphisms (7) and of the decomposition formulae (4) and (5), in [12] it was proved that the Lie derivative operator with respect to the r-th order prolongation j r Ξ of a projectable vector field (Ξ, ξ) can be conveniently represented on the quotient sheaves of the variational sequence in terms of an operator, the variational Lie derivative L jrΞ , as follows: if p = n and λ ∈ n V r , then
if p = n + 1 and η ∈ n+1 V r , then 
V r be an Euler-Lagrange morphism and let σ : X → Y be a section. We recall that σ is said to be critical if η •j 2r+1 σ = 0, i.e. if it is a solution of the Euler-Lagrange equations (j 2r+1 σ) * E n (λ) = 0.
Let λ ∈ n V r be a Lagrangian and (Ξ, ξ) a symmetry of λ. Then, by Equation (8), i.e. the first Noether's theorem, we have
Suppose that the section σ : 
V r is said to be a canonical or Noether current.
Remark 3.13 Notice that if λ is globally defined, then for any global symmetry Ξ of λ the morphism ǫ(λ, Ξ) can be globally defined too (see e.g. [14] ). If H n+1 dR Y = 0, i.e. the topology of Y is not trivial, then given a globally defined Euler-Lagrange morphism with non-trivial cohomology class, we cannot find a corresponding globally defined Lagrangian via the inverse problem, so that in this case the corresponding Noether conserved current ǫ is not global.
Remark 3.14 Let η ∈ n+1 V r and let Ξ be a generalized symmetry of η. Then, by Equation (9), we have 0 = E n (Ξ V η) +H dη (j 2r+1 Ξ V ). Suppose that η is locally variational, i.e. H dη = 0; then we have E n (Ξ V η) = 0. This implies that Ξ V η is variationally trivial.
Therefore Ξ V η is locally of the type [13, 16] was shown that, even more, β ∈ C 0 (U,
* β) = 0 so that, as in the case of Lagrangians, if σ is critical, then β is conserved along σ. 
If all these cohomology classes are trivial then the corresponding current is called trivial (otherwise it is called topological). It is obvious that currents admitting (global) superpotentials [10] are trivial in the above sense. Nontrivial currents are more interesting and lead to topological charges (see e.g. [17] ). Notice that if H n−1 dR X = 0 then topological charges do not appear.
Due to E n L jrΞ = L j 2r+1 Ξ E n , a symmetry of a Lagrangian λ is also a symmetry of its EulerLagrange morphism E n (λ) but the converse is not true. If (Ξ, ξ) is a generalized symmetry of λ the corresponding current is not longer a canonical Noether conserved current for λ, in general.
Instead we can state the following (see [18, 19] for the local version). 
Thusǫ(λ, Ξ) := ǫ(λ, Ξ) − β(λ, Ξ) is global and conserved.
QED As a result it is then possible to get a realization of the corresponding conservation law associated with this generalized symmetry, in terms of a (non-canonical) conserved current which is global. V r ) with non-trivial cohomolgy class [dβ(λ, Ξ)]Č = δ ′ (Ξ V η λ ) and therefore,ǫ(λ, Ξ) is conserved but not global. This is e.g. the case where topological charges can appear.
We are in a similar situation for a non-global Lagrangian λ ∈ C 0 (U, n V r ). In this case both components ofǫ(λ, Ξ), the canonical and the improved one, are non-global too. However, Equation (10) Proof. Since [dǫ(λ, Ξ)]Č = 0 then, thanks to Proposition 3.8 (A), it can be globalized.
QED
Remark 3.21 If δ(η λ ) = 0, then δ ′ (Ξ V η λ ) = 0 is not true, in general. Therefore, in order to get a global conserved quantity for topologically non-trivial Lagrangians some of our assumptions need to be relaxed. For example, one could consider 0-cochains of symmetries instead of global projectable vector fields. This may cover some physically interesting cases, like translations or angular momentum, e.g. . This will be the subject of our future investigations.
